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Abstract
We give a decomposition formula for the characteristic polynomials of ramified uniform covers of
digraphs. Similarly, we obtain a decomposition formula for the characteristic polynomials of ramified
regular covers of digraphs. As applications, we establish decomposition formulas for the characteristic
polynomials of branched covers of digraphs and the zeta functions of ramified covers of digraphs.
c© 2006 Elsevier Ltd. All rights reserved.
1. Introduction
The characteristic polynomial of a digraph is an important invariant in many applications and
has wide connections with many other invariants such as zeta functions [3,31,32] and digraph
spectra [5,24,25]. Developing our former work [7,8], this paper continues to address the problem
of how to get the characteristic polynomial of a big digraph by piecing together information
about some quotients of the original digraph. As expected, our work confirms that symmetry
does help reduce the complexity of calculation [1,2,5,13,25]. Since characteristic polynomials
are obtained by evaluating a determinant, it is possible to adapt our technique here to many other
similar topics, like computing the number of spanning trees of a digraph. In the following, we will
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always consider graphs as symmetric digraphs and restrict our consideration to finite digraphs,
although a theory for infinite digraphs [9,24] is also of much interest.
Let D be a digraph. We write A(D) for the adjacency matrix of D and define the characteristic
polynomial of D to be χ(D; λ) = det(λI − A(D)), where I is the identity matrix of appropriate
size. Note that we will indicate the size of I in the subscript only when necessary.
Characteristic polynomials of graph covers were obtained in [2,5,6,11,18,21]. Kwak and
Lee [18] computed the characteristic polynomial of a graph bundle whose voltage assignment
takes values in an abelian group. Chae et al. [6] gave complete computations of the characteristic
polynomials of K2-bundles (or K¯2-bundles) over graphs. A decomposition formula for the
characteristic polynomial of a regular cover of a graph was given by Mizuno and Sato [21].
Feng et al. [11] generalized the above result on a regular cover of a graph to its irregular cover.
Characteristic polynomials of digraphs were discussed in [5,8,19]. Lee and Kim [19] gave a
formula for the characteristic polynomial of a digraph having a semi-free action, whose free part
is an abelian cover. Deng and Wu [8] established a formula for the characteristic polynomial of
a digraph having a general semi-free action. On the basis of [8, Lemma 4.2], Kim and Lee [16]
calculated a generalized characteristic polynomial of a digraph having a general semi-free action.
Characteristic polynomials of (branched) covers of digraphs were determined in [7,22]. Deng
et al. [7] defined covers and branched covers of digraphs and presented a formula for the
characteristic polynomial of a branched cover of a digraph with branch index 1.
Equitable partitions are closely related to graph coverings. Equitable partitions were
introduced by Sachs [27,28]. Schwenk [29] used equitable partitions to obtain various results on
eigenvalues of graphs. Teranishi [33] gave some formulas for the quotient of the characteristic
polynomials of a graph and its quotient graph arising from an equitable partition. Cardoso
et al. [4] treated Laplacian eigenvalues of the quotient graph by an almost equitable partition.
We refer the reader to [5,12] for a general theory of equitable partitions.
It is known that the characteristic polynomial of a digraph is divided by those of its front
divisors and rear divisors [5,7,13,15]; see Section 2 for relevant definitions. In general, it is hard
to further factor the quotient of the characteristic polynomial of a digraph by the characteristic
polynomial of one of its divisors. What we want to establish in this paper is that when the digraph
turns out to be a so-called ramified uniform covering digraph, we can factor that quotient one step
further.
This paper is organized as follows. In Section 2, the concept of ramified cover is introduced;
while in Section 3 we present our main result in this paper, namely an adjacency matrix
representation for ramified covers of digraphs and then a decomposition formula of the
characteristic polynomials of such covers. The ensuing Section 4 includes a formula for the
characteristic polynomials of ramified regular covers which can be obtained using techniques
similar to those in Section 3. As simple applications, we then discuss the characteristic
polynomial of a branched cover of a digraph in Section 5 and the zeta function of a digraph in
Section 6. We conclude this paper with an example to show the use of our computation formula
in Section 7.
2. Coverings and covers
Let D = (V (D), E(D)) be a digraph with the set V (D) of vertices and the set E(D) of arcs.
If e ∈ E(D) is an arc from a vertex u to a vertex v, then we express it by writing iD(e) = u
and tD(e) = v. Sometimes we also simply write e ∈ E(D) as (iD(e), tD(e)). For any two sets
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U, W ⊆ V (D), we put E(D)W,U = {e ∈ E(D) | iD(e) ∈ W, tD(e) ∈ U} and define the
subdigraph 〈W 〉D of D induced by W to be the digraph with vertex set W and arc set E(D)W,W .
Let H and D be two digraphs. A digraph homomorphism from H to D is a pair of maps π =
(πV , πE ) : (V (H ), E(H )) −→ (V (D), E(D)) which preserve the adjacency, i.e., iD(πE (e)) =
πV (iH (e)) and tD(πE (e)) = πV (tH (e)). A homomorphism π is an isomorphism if both πV
and πE are bijections. An automorphism of a digraph D is an isomorphism of D onto itself.
A digraph homomorphism π = (πV , πE ) : H −→ D is a covering projection provided πV :
V (H ) −→ V (D) and πE : E(H ) −→ E(D) are both surjections and πE |N+H (v′) : N
+
H (v
′) −→
N+D (v) and πE |N−H (v′) : N
−
H (v
′) −→ N−D (v) are bijections for all vertices v ∈ V (D) and
v′ ∈ π−1V (v), where N+D (v) = {e ∈ E(D) | iD(e) = v} and N−D (v) = {e ∈ E(D) | tD(e) = v}.
A covering digraph of a given digraph D consists of a digraph H together with a covering
projection π from H to D. We say that H is a cover of D when there exists a mapping π such
that (H, π) is a covering digraph of D. The covering projection π : H −→ D is said to be
m-fold and then H is called an m-fold cover of D if both πV and πE are m-to-one. A uniform
cover is an m-fold cover for some m.
For any natural number m, let [m] = {1, 2, . . . , m} and let Sm be the symmetric group on [m].
Let D be a digraph. A permutation voltage assignment is a mapping α : E(D) −→ Sm . The
pair (D, α) is called a permutation voltage digraph. The derived digraph Dα of the permutation
voltage digraph (D, α) is the digraph with V (Dα) = V (D) × [m] = {ui | u ∈ V (D), i ∈ [m]}
and E(Dα) = E(D) × [m] = {ei | e ∈ E(D), i ∈ [m]}, where ei goes from ui to v j if and
only if e ∈ E(D) and j = α(e)(i). To avoid having too many subscripts, sometimes we also
use (v, i) and (e, i) instead of vi and ei , respectively. The digraph Dα is called an m-cover of
D. The natural projection πα = (πα,V , πα,E ) : Dα −→ D is defined by πα,V (ui ) = u and
πα,E (ei ) = e, where u ∈ V (D), e ∈ E(D) and i ∈ [m]. Note that the m-cover Dα is an m-fold
cover of D. Furthermore, the following facts were observed by Deng, Sato and Wu.
Theorem 2.1 ([7, Theorem 4.1]). Any cover of a weakly connected digraph must be a uniform
cover.
Theorem 2.2 ([7, Lemma 4.4]). Let π : D˜ −→ D be an m-fold cover of a digraph D. Then
there exists a permutation voltage assignment α : E(D) −→ Sm such that the covering digraph
(D˜, π) is just (Dα, πα) up to a digraph isomorphism.
Generalizing the concept of digraph cover, Deng, Sato and Wu introduced the concept of
branched covers of digraphs [7]. As another generalization, we now introduce the construction
of ramified covers. For a given digraph K , we say that the pair of a digraph D and a digraph
homomorphism π : D → K is a ramified covering digraph over K if there exists a partition of
V (K ) into disjoint parts V1, . . . , Vn such that
CI. πi is a covering projection from Di to Ki , where Ki = 〈Vi 〉K , Di = π−1(Ki ) and
πi = π |Di , for each i ∈ [n];
CII. for each e ∈ E(K )i j = E(K )Vi ,Vj , 1 ≤ i 
= j ≤ n, and for any v ∈ π−1V (iK (e)) and
w ∈ π−1V (tK (e)) there is exactly one arc in π−1E (e) going from v to w.
When each πi , i ∈ [n], is a uniform covering projection, we call (D, π) a ramified uniform
covering digraph over K . We will write the covering digraph (D, π) as (D1 ∗ · · · ∗ Dn , π1 ∗ · · · ∗
πn), or just D1 ∗ · · · ∗ Dn . Note here that the digraph D1 ∗ · · · ∗ Dn is determined by the Di
together with the projections πi for all i ∈ [n]. But also note that the Di alone are not enough to
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give the structure of D1 ∗ · · · ∗ Dn . So, when we use the notation D1 ∗ · · · ∗ Dn we will always
have a set of coverings in mind.
A digraph D is called a ramified (uniform) cover of K whenever there is a homomorphism π
such that (D, π) is a ramified (uniform) covering digraph over K . According to Theorem 2.1, we
know that in many cases we can naturally find that a ramified cover is indeed a ramified uniform
cover. We will keep using the notation in CI and CII and assume from now on that πi is an
mi -fold covering projection for i ∈ [n]. Then, in view of Theorem 2.2 we can find n permutation
voltage assignments αi : E(Ki ) −→ Smi and identify (Di , πi ) with (K αii , παi ) for i ∈ [n]. This
tells us that we can write the ramified uniform cover D as K α11 ∗ · · · ∗ K αnn .
We recall some basic concepts on equitable partitions [5,7]. Let D be a digraph and τ :
V (D) = ∪ri=1 Vi be a partition of V (D) into nonempty sets. τ is an out-equitable partition if for
every i, j ∈ [r ] there is a number d+i j (τ ) such that for any u ∈ Vi we have |E(D)u,Vj | = d+i j (τ ).
Correspondingly, τ is an in-equitable partition if for every i, j ∈ [r ] there is a number d−i j (τ )
such that for any u ∈ Vj we have |E(D)Vi ,u | = d−i j (τ ). If τ is out-equitable, we define the
front divisor D/τ+ of D as the digraph on the vertex set {V1, . . . , Vr } such that the number
of arcs going from Vi to Vj is d+i j (τ ). If τ is in-equitable, we then define the rear divisor
D/τ− of D as the digraph on the vertex set {V1, . . . , Vr } such that the number of arcs going
from Vi to Vj is d−i j (τ ). A partition τ which is both out-equitable and in-equitable is said to be
equitable [29]. If (D, π) is a ramified uniform cover of a digraph K , it is not hard to see that the
partition τ of V (G), which puts two vertices into the same part if and only if they are mapped
to the same point by π , is an equitable partition of D. We will decompose χ(D; λ) into the
product of several factors, among which we will have χ(D/τ+; λ). This says that the recognition
of a ramified cover representation for a digraph, namely a special kind of equitable partition,
will give us more information on its characteristic polynomial, comparing the classical result
that χ(D/τ+; λ) | χ(D; λ) in the case where we are aware of no knowledge on an equitable
partition τ .
3. Characteristic polynomials of ramified uniform covers
We first consider the adjacency matrix of the ramified cover D = K α11 ∗ · · · ∗ K αnn , following
the notation used in Section 2.
Let V (Ki ) = Vi = {vi1, . . . , viνi }, i ∈ [n]. It thus follows that
|V (D)| = ν =
n∑
i=1
νi mi . (3.1)
Furthermore, let
A(K ) =
⎡
⎢⎢⎢⎣
A(K1) F12 · · · F1n
F21 A(K2) · · · F2n
...
...
. . .
...
Fn1 Fn2 · · · A(Kn)
⎤
⎥⎥⎥⎦ , (3.2)
where Fi j is the νi × ν j matrix characterizing the adjacency relation from Vi to Vj for any
1 ≤ i 
= j ≤ n. Recall that the Kronecker product A⊗B of two matrices A and B is obtained
from A by having the element ai j replaced by the matrix ai j B. We use Ja,b for the a × b
matrix of all ones. List the vertices of D in m1 + · · · + mn blocks: (v11, 1), . . . , (v1ν1, 1); . . .;
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(v11, m1), . . . , (v1ν1, m1); . . .; (vn1, 1), . . . , (vnνn , 1); . . .; (vn1, mn), . . . , (vnνn , mn). In view of
CII, we can write according to this vertex ordering that
A(D) =
⎡
⎢⎢⎢⎢⎣
A(D1) Jm1,m2
⊗
F12 · · · Jm1,mn
⊗
F1n
Jm2,m1
⊗
F21 A(D2) · · · Jm2,mn
⊗
F2n
...
...
. . .
...
Jmn,m1
⊗
Fn1 Jmn ,m2
⊗
Fn2 · · · A(Dn)
⎤
⎥⎥⎥⎥⎦ . (3.3)
For any group Γ acting on a set M , the permutation representation PΓ sends each γ ∈ Γ to
the permutation matrix PΓ (γ ) = (p(γ )k	 )k,	∈M , where
p(γ )k	 =
{
1, if γ (k) = 	,
0, otherwise.
Observe that when the action of Γ is different, PΓ may have different meanings. But whenever
we use this incomplete notation, we will make clear which action is involved.
Now for any i ∈ [n], let Γi = 〈{αi (e) | e ∈ E(Ki )}〉 be the subgroup of Smi generated by
{αi (e) | e ∈ E(Ki )}, whose elements act as permutations on [mi ]. We abbreviate PΓi (γ ) as Pi,γ .
The following well-known formula for A(Di ) is immediate:
A(Di ) = A(K αii ) =
∑
γ∈Γi
Pi,γ
⊗
Ai,γ , (3.4)
where Ai,γ = (a(i,γ )uv ) is specified by
a
(i,γ )
uv := |{e ∈ E(Ki ) | iK (e) = u, tK (e) = v, αi (e) = γ }|. (3.5)
Combining Eqs. (3.3) and (3.4) yields
A(D) =
⎡
⎢⎢⎢⎢⎣
∑
γ∈Γ1
P1,γ
⊗
A1,γ · · · Jm1,mn
⊗
F1n
...
. . .
...
Jmn,m1
⊗
Fn1 · · ·
∑
γ∈Γn
Pn,γ
⊗
An,γ
⎤
⎥⎥⎥⎥⎦ . (3.6)
Next we shall calculate the characteristic polynomial of the ramified uniform cover D.
Take i ∈ [n]. Let ρi1 = I1, ρi2, . . . , ρiki be all inequivalent irreducible unitary matrix
representations of Γi , mij the multiplicity of ρi j in PΓi and fi j the degree of ρi j for each j ∈ [ki ],
where fi1 = 1. Use c(H ) to denote the number of weakly connected components of a digraph
H . It is noteworthy that mi1 is the number of Γi -orbits on [mi ] for all i ∈ [n]; see [30]. Hence
we have
mi1 ≤ c(K αii ), (3.7)
and the equality holds when c(K αii ) = 1. Let Ni1, . . . , Nimi1 be the Γi -orbits on [mi ] and|Nij | = ti j for each j ∈ [mi1]. It is obvious that
ti1 + · · · + timi1 = mi . (3.8)
We write M1 ⊕ · · · ⊕ Ms for the block diagonal sum of some square matrices M1, . . . , Ms and
when M1 = M2 = · · · = Ms = M we use the shorthand s ◦ M for M1 ⊕ · · · ⊕ Ms . Using this
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notation, PΓi is equivalent to the unitary representation mi1 ◦ I1 ⊕ mi2 ◦ ρi2 ⊕ · · · ⊕ miki ◦ ρiki
of Γi . Accordingly, there exists a nonsingular matrix Ui such that
U−1i Pi,γ Ui = mi1 ◦ I1
⊕
mi2 ◦ ρi2(γ )
⊕
· · ·
⊕
miki ◦ ρiki (γ ) (3.9)
for all γ ∈ Γi [30]. Denote by jm = J1,m the 1 × m matrix of all ones. We need the following
key lemma.
Lemma 3.1 ([7, Lemma 6.3]). The matrix Ui in Eq. (3.9) can be chosen to satisfy
jmi Ui = (
√
ti1
√
ti2 · · ·
√
timi1 0, 0, . . . , 0︸ ︷︷ ︸
mi−mi1
) (3.10)
and
U−1i jmi = (
√
ti1
√
ti2 · · ·
√
timi1 0, 0, . . . , 0︸ ︷︷ ︸
mi −mi1
). (3.11)
Setting
X =
⎡
⎢⎣
U1
⊗
Iν1 0
. . .
0 Un
⊗
Iνn
⎤
⎥⎦ ,
Eq. (3.6) then leads to
X−1A(D)X
=
⎡
⎢⎢⎢⎣
(
U−11
⊗
Iν1
)
A(D1)
(
U1
⊗
Iν1
)
· · · (U−11 Jm1,mn Un)
⊗
F1n
...
. . .
...
(U−1n Jmn,m1 U1)
⊗
Fn1 · · ·
(
U−1n
⊗
Iνn
)
A(Dn)
(
Un
⊗
Iνn
)
⎤
⎥⎥⎥⎦ .
(3.12)
On the one hand, Eqs. (3.4) and (3.9) tell us that for each i ∈ [n],(
U−1i
⊗
Iνi
)
A(Di )
(
Ui
⊗
Iνi
)
=
∑
γ∈Γi
(U−1i Pi,γ Ui )
⊗
Ai,γ
=
ki⊕
k=1
mik ◦
⎛
⎝∑
γ∈Γi
ρik (γ )
⊗
Ai,γ
⎞
⎠ . (3.13)
On the other hand, for i, j ∈ [n], Lemma 3.1 asserts that
U−1i Jmi ,m j U j = U−1i jmi jm j U j
= (√ti1 √ti2 · · ·
√
timi1 0, 0, . . . , 0︸ ︷︷ ︸
mi −mi1
)(
√
t j1
√
t j2 · · ·√t jm j1 0, 0, . . . , 0︸ ︷︷ ︸
m j −m j1
).
(3.14)
In the light of Eq. (3.12), the lines of X−1A(D)X are naturally divided into n blocks. Then
Eq. (3.13) says that the i th block consists of ∑kik=1 mik subblocks, where the first mi1 blocks
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correspond to
∑
γ∈Γi Ai,γ as ρi,1 = I1. Therefore, we start from X−1A(D)X as demonstrated in
Eq. (3.12) and move ahead those first mi1 subblocks in the i th block for each i ∈ [n] and thus
can conclude from Eqs. (3.13) and (3.14) that A(D) is similar to
⎡
⎢⎣
B1 · · · (t1 tn)
⊗
F1n
...
. . .
...
(tn t1)
⊗
Fn1 · · · Bn
⎤
⎥⎦
⊕⎛⎝ n⊕
i=1
ki⊕
k=2
mik ◦
⎛
⎝∑
γ∈Γi
ρik(γ )
⊗
Ai,γ
⎞
⎠
⎞
⎠ , (3.15)
where
ti = (√ti1 · · ·
√
timi1 ) (3.16)
and
Bi = mi1 ◦
⎛
⎝∑
γ∈Γi
Ai,γ
⎞
⎠ = mi1 ◦ A(Ki ) = Imi1 ⊗A(Ki )
for i ∈ [n].
Moreover, choosing
Y =
⎡
⎢⎣
√
t11 Im11ν1 0
. . .
0
√
tnmn1 Imn1νn
⎤
⎥⎦⊕ I n∑
i=1
(mi −mi1)νi
,
we left-multiply Eq. (3.15) by Y−1 and then right-multiply it by Y. It turns out that the resulting
matrix becomes
Z
⊕⎛⎝ n⊕
i=1
ki⊕
k=2
mik ◦
⎛
⎝∑
γ∈Γi
ρik(γ )
⊗
Ai,γ
⎞
⎠
⎞
⎠ , (3.17)
where
Z =
⎡
⎢⎣
Im11
⊗
A(K1) · · · ( jm11sn)
⊗
F1n
...
. . .
...
( jmn1s1)
⊗
Fn1 · · · Imn1
⊗
A(Kn)
⎤
⎥⎦ ,
si = (ti1 · · · timi1 ), i ∈ [n]. For each integer r ≥ 2, we set Sr =
(
1 0
j r−1 Ir−1
)
. Then, in view of
Eq. (3.8), we find that for W = ⊕ni=1(Smi1
⊗
Iνi ), W−1ZW takes the form
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
A(K1) · · · 0 mnF1n tn2F1n · · · t1mn1 F1n
...
. . .
... · · · ... ... ...
0 · · · A(K1) 0 0 · · · 0
...
. . .
...
m1Fn1 t12Fn1 · · · t1m11Fn1 A(Kn) · · · 0
...
...
... · · · ... . . . ...
0 0 · · · 0 0 · · · A(Kn)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.18)
Observe that for i, j ∈ [n], k ∈ [m j1] \ {1}, the block t j kFi j as demonstrated in Eq. (3.18)
appears in a place of which the only nonzero block in the same column is A(K j ) and that A(Ki )
is the only nonzero block in the row that it lies in. This means that these t j kFi j can be replaced
by zeros to produce a matrix of the same characteristic polynomial, since the entries in their
positions do not contribute to the determinant expansion. Henceforth, we are led to
det(λI − Z)
= det
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
λI − A(K1) 0 −mnF1n · · · 0
. . . · · · ... ...
0 λI − A(K1) 0 · · · 0
...
. . .
...
−m1Fn1 · · · 0 λI − A(Kn) 0
...
... · · · . . .
0 · · · 0 0 λI − A(Kn)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= det(λIν0 − A′)
n∏
i=1
χ(Ki ; λ)mi1−1, (3.19)
where ν0 = ν1 + · · · + νn and
A′ =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
A(K1) · · · mi F1i · · · m j F1 j · · · mnF1n
...
. . .
...
...
...
m1Fi1 · · · A(Ki ) · · · m j Fi j · · · mnFin
...
...
. . .
...
...
m1F j1 · · · mi F j i · · · A(K j ) · · · mnF j n
...
...
...
. . .
...
m1Fn1 · · · mi Fni · · · m j Fnj · · · A(Kn)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.20)
By now, by virtue of Eqs. (3.17) and (3.19), we come to
χ(D; λ) = det(λIν0 − A′)
n∏
i=1
χ(Ki ; λ)mi1−1
ki∏
j=2
det
⎛
⎝λIνi fi j −∑
γ∈Γi
ρi j (γ )
⊗
Ai,γ
⎞
⎠mij.
Let us sum up our findings in a theorem.
Theorem 3.2. Let D be a digraph with ν vertices, K be a digraph with a partition V (K ) =
V1 ∪ · · · ∪ Vn, νi = |Vi | and mi a positive integer for each i ∈ [n]. Furthermore, for any
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i ∈ [n], we let Ki = 〈Vi 〉K , αi : E(Ki ) −→ Smi be a permutation voltage assignment, Γi be the
subgroup of Smi generated by {αi (e) | e ∈ E(Ki )}. Suppose that ρi1 = I1, ρi2, . . . , ρiki are all
inequivalent irreducible representations of Γi , and the degree of ρi j is fi j and the multiplicity
of ρi j in PΓi is mi j for each j ∈ [ki ]. Let D = K α11 ∗ · · · ∗ K αnn and assume that A(K ) is as
specified in Eq. (3.2). Then
χ(D; λ) = det(λIν0 − A′)
n∏
i=1
χ(Ki ; λ)mi1−1
ki∏
j=2
det
⎛
⎝λIνi fi j −∑
γ∈Γi
ρi j (γ )
⊗
Ai,γ
⎞
⎠mij,
where Ai,γ is defined by Eq. (3.5), ν0 = ν1 +· · ·+νn and A′ is given by Eq. (3.20). In particular,
when c(K αii ) = c(Ki ) for each i ∈ [n], we have
χ(D; λ) = det(λIν0 − A′)
n∏
i=1
ki∏
j=2
det
⎛
⎝λIνi fi j − ∑
γ∈Γi
ρi j (γ )
⊗
Ai,γ
⎞
⎠mij .
As a corollary of Theorem 3.2, we obtain a decomposition formula for the characteristic
polynomial of a uniform cover.
Corollary 3.3. Let K be a digraph with ν vertices, m a positive integer, α : E(K ) −→ Sm a
permutation voltage assignment on E(K ) and Γ be the subgroup of Sm generated by {α(e) : e ∈
E(K )}. Let Aγ = (a(γ )uv ), where a(γ )uv = |{e ∈ E(K ) : iK (e) = u, tK (e) = v and α(e) = γ }|.
Suppose that ρ1 = I1, ρ2, . . . , ρk are all inequitable irreducible representations of Γ with f j
the degree of ρ j , j ∈ [k], and suppose that the permutation representation PΓ with respect to
the action of Γ on [m] is equivalent to m1 ◦ I1 ⊕ m2 ◦ ρ2 ⊕ · · · ⊕ mk ◦ ρk . Then we have
χ(K α; λ) = χ(K ; λ)m1
k∏
j=2
det
⎛
⎝λIν f j − ∑
γ∈Γ
ρ j (γ )
⊗
Aγ
⎞
⎠m j .
Following the convention made in Theorem 3.2, we proceed to deduce our main result in this
paper. Let
τ : V (D) =
n⋃
i=1
⋃
v∈Vi
{(v, j) | j ∈ [mi ]}. (3.21)
be a partition of V (D). It is not hard to see that τ is an equitable partition of D, and A′ as
given by Eq. (3.20) is just the adjacency matrix of the front divisor D/τ+ of D. Putting together
Theorem 3.2 and Corollary 3.3 then yields
Theorem 3.4. Following the notation given in Theorem 3.2 and as above, we have
χ(D; λ) = χ(D/τ+; λ)
n∏
i=1
χ(K αii ; λ)/χ(Ki ; λ).
In other words, Spec(D) = Spec(D/τ+) ∪ (∪ni=1(Spec(K αii ) − Spec(Ki))), where Spec(H )
stands for the multi-set of eigenvalues of the adjacency matrix of the digraph H .
As mentioned in Section 1, it is well known that χ(D/τ+; λ) | χ(D; λ) holds for any digraph
D and any of its out-equitable partitions. Thus, Theorem 3.4 is an improvement of this statement
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in the case where D and τ have some special structure. Note that Petersdorf and Sachs [26]
have found that the divisibility relation is also true for a more general kind of characteristic
polynomial. Indeed, the following result is easily spelled out from the proof of [5, Theorem 4.7].
Theorem 3.5 (Petersdorf and Sachs). Suppose that τ : V (D) = ∪ni=1 Wi is an out-equitable
(in-equitable) partition of a digraph D and H = D/τ+. Let |V (H )| = ν and let λ1, . . . , λν
be ν variables. For any 	 ∈ V (D), put f (	) to be s if 	 ∈ Ws. Consider the matrix D
defined by D(k, 	) = A(D)(k, 	) + δk,	λ f (k) and consider the matrix H defined by H(k, 	) =
A(H )(k, 	) + δk,	λk , where D(k, 	) refers to the (k, 	)-entry of D, etc., and δ is the Kronecker
delta function. Then we have det(H) | det(D).
Motivated by Theorem 3.4, we put forward
Question 3.6. If D is a ramified uniform covering digraph as described in Theorem 3.2 and τ is
as given by Eq. (3.21), can we say anything on the polynomial det(D)det(H) in the variables λ1, . . . , λν?
Note that when λ1 = · · · = λν = λ, Theorem 3.4 provides a decomposition formula for det(D)det(H) .
Finally, we mention that for any out-equitable partition τ of a simple digraph D, we can
define the switching Dσ of D with respect to a proper subset σ of V (D) which is a union of
some parts in τ and show that χ(D;λ)
χ(D/τ+;λ) = χ(D
σ ;λ)
χ(Dσ /τ+;λ) ; this can be done completely in parallel
to the discussion of the symmetric digraph case given by Teranishi [33].
4. Characteristic polynomials of ramified regular covers
Let D be a digraph and Γ a group. We say that Γ acts freely on D via the action φ if for each
γ ∈ Γ there is a digraph isomorphism φγ = (φγ,V , φγ,E ) : D −→ D and the following three
conditions hold:
1. If γ0 is the unit of Γ , then φγ0 : D −→ D is the identity isomorphism.
2. φγ1γ2 = φγ1 ◦ φγ2 for all γ1, γ2 ∈ Γ .
3. For any γ ∈ Γ \ {1}, there is no vertex v of D such that φγ,V (v) = v.
The quotient digraph D/φ of D induced from the action φ has the set of the vertex orbits
{[v] | v ∈ V (D)} as its vertex set and the set of the arc orbits {[e] | e ∈ E(D)} as its arc set.
The adjacency relation in D/φ is specified by tD/φ([e]) = [tD(e)] and iD/φ([e]) = [iD(e)]
for all e ∈ E(D). The natural covering projection πφ from D to D/φ sends each element of D
to its orbit. A digraph homomorphism π : D −→ H is a regular covering projection if there is
a group Γ that acts freely on D via φ and there is an isomorphism σ from D/φ to H such that
π = σ ◦πφ . A digraph D is a regular cover of H if there is a regular covering projection π from
D to H .
For a digraph D and a group Γ , an ordinary voltage assignment is a mapping α : E(D) −→
Γ . The pair (D, α) is called an ordinary voltage digraph. The derived digraph Dα of the ordinary
voltage digraph (D, α) is defined as follows: V (Dα) = V (D) × Γ = {uγ | u ∈ V (D), γ ∈ Γ },
E(Dα) = E(D) × Γ = {eγ | e ∈ E(D), γ ∈ Γ } and eγ is an arc from uγ to vγ ′ if and
only if e ∈ E(D) and γ ′ = γα(e). The digraph Dα is called a Γ -cover of D. The natural
projection πα = (πα,V , πα,E ) : Dα −→ D is defined by πα,V (uγ ) = u and πα,E (eγ ) = e,
where u ∈ V (D), e ∈ E(D) and γ ∈ Γ .
Note that the Γ -cover Dα is a regular |Γ |-fold cover of D. The associated free action of Γ on
Dα induces an action of Γ on its underlying set by the right multiplication α(e)(γ ) = γα(e),
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γ ∈ Γ , e ∈ E(D). Note that in this case the action is nothing but the right regular representation
of Γ . Recall that for any irreducible unitary representations ρ of Γ , the multiplicity of ρ in PΓ
equals the multiplicity of it in the right regular representation of Γ and henceforth equals its
degree [30, p. 18, Corollary 1].
A covering digraph (D, π) over a digraph K is called ramified regular if (D, π) = (D1 ∗
· · · ∗ Dn, π1 ∗ · · · ∗ πn) for some subdigraphs Di and some regular covering projections πi on
Di , i ∈ [n]. A digraph D is a ramified regular cover over K if there exists a ramified regular
covering digraph (D, π) over K . It follows in this situation that for each i ∈ [n], there is a group
Γi and an ordinary permutation voltage αi : E(Ki ) −→ Γi such that Di = K αii [8, Lemma 4.4].
Consequently, we are allowed to write D = K α11 ∗ · · · ∗ K αnn . We mention that when Γi = {1} for
all i ∈ [n] \ {1}, the group Γ1 acts semi-freely on D with free part V (K α11 ) in the sense of [8].
Making use of the above discussion and following the same approach as in the preceding
section, we obtain a decomposition formula for the characteristic polynomial of the ramified
regular cover D over K . Note that it generalizes [8, Theorem 4.2].
Theorem 4.1. Let D be a ramified regular cover over K , say D = K α11 ∗· · ·∗K αnn , where we have
a partition of V (K ) into V1, . . . , Vn, and for each i ∈ [n], Ki = 〈Vi 〉K and αi is an ordinary
voltage assignment from E(Ki ) to a group Γi of order mi . Let A(K ) be specified as in Eq. (3.2).
For each i ∈ [n], let νi = |V (Ki )| and let ρi1 = I1, ρi2, . . . , ρiki be all inequivalent irreducible
representations of Γi , and fi j the degree of ρi j for each j ∈ [ki ]. Put ν0 = ν1 + ν2 + · · · + νn.
Then
χ(D; λ) = det(λIν0 − A′)
n∏
i=1
ki∏
j=2
det
⎛
⎝λIνi fi j − ∑
γ∈Γi
ρi j (γ )
⊗
Ai,γ
⎞
⎠ fi j ,
where A′ is given by Eq. (3.20) and Ai,γ defined by Eq. (3.5).
5. Branched covers
We consider a branched cover of a digraph. Let D be a digraph. For any W ⊆ V (D), we
write D − W for 〈V (D) \ W 〉D , the subdigraph of D obtained by deleting the vertices in W and
all arcs incident upon them. A digraph homomorphism π : H −→ D is a branched covering
projection if both πV and πE are surjections and there is a subset B ⊂ V (D) such that both
πE |N+H (v′) : N
+
H (v
′) −→ N+D (v) and πE |N−H (v′) : N
−
H (v
′) −→ N−D (v) are bijections for all
vertices v ∈ V (D)\ B and v′ ∈ π−1V (v) [7,14]. The set B is called a branch set of π : H −→ D.
We say that B is of index 1 and π has branch index 1 if |π−1V (v)| = 1 for each v ∈ B and
|π−1E (e)| = 1 for each e ∈ E(〈B〉D). A digraph H is a branched cover of D if there is a
branched covering projection from H to D. Note that π |H−π−1(B) : H −π−1(B) −→ D − B is
a covering projection. The projection π : H −→ D is an n-fold branched covering projection if
π |H−π−1(B) is n-fold.
A branched covering projection π : H −→ D with branch set B of index 1 is a branched
n-covering projection if π |H−π−1(B) is an n-covering projection. This implies that there is a
permutation voltage assignment α : E(D − B) −→ Sn such that H − π−1(B) = (D − B)α. In
this case, we call H a branched n-cover of D with branch set B of index 1 and denote it as DαB .
Deng, Sato and Wu characterized the branched cover of a digraph with branch index 1.
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Theorem 5.1 ([7, Lemma 5.2]). Let π : D˜ −→ D be an n-fold branched covering projection
of a digraph D which has a branch set B of index 1. Then there exists a permutation voltage
assignment α : E(D − B) −→ Sn such that the branched n-cover DαB is isomorphic to D˜.
Next, let DαB be a branched n-cover of D with branch set B of branch index 1, where
α : E(D − B) −→ Sn is a permutation voltage assignment. We define two digraphs K1 and K2
by K1 = 〈B〉D and K2 = D − B . Furthermore, let 1 : E(K1) −→ S1 be a permutation voltage
assignment such that 1(e) = 1, e ∈ E(K1). Then we have DαB = K 11 ∗ K α2 . Let Aγ = A2,γ ,
γ ∈ Sn , as defined in Eq. (3.5). By Theorem 3.2, we obtain the following result.
Theorem 5.2 ([7, Theorem 6.4]). Let D be a digraph with ν vertices and DαB a branched n-
cover of D with branch set B of index 1, where α : E(D − B) −→ Sn is a permutation voltage
assignment. Suppose
A(D) =
[
A(〈B〉D) F
H A(D − B)
]
.
Set ν2 = |V (D − B)| and Γ = 〈{α(e) | e ∈ E(D − B)}〉. Furthermore, let ρ1 = I1, ρ2, . . . , ρk
be all inequivalent irreducible representations of Γ and fi the degree of ρi for each i . Assume
that PΓ is equivalent to m1 ◦ I1 ⊕ m2 ◦ ρ2 ⊕ · · · ⊕ mk ◦ ρk . Then we have
χ(DαB; λ) = det(λIν − A′)χ(D − B; λ)m1−1
k∏
i=2
det
⎛
⎝λIν2 fi − ∑
γ∈Γ
ρi (γ )
⊗
Aγ
⎞
⎠mi ,
in which
A′ =
[
A(〈B〉D) nF
H A(D − B)
]
,
and Aγ is as specified in the paragraph before the theorem.
In the case where α is an ordinary voltage assignment from E(D − B) to a group Γ , the
following result is immediate.
Theorem 5.3. Let D be a digraph,Γ a group and DαB a branched |Γ |-cover of D with branch set
B of index 1, where α : E(D − B) −→ Γ is an ordinary voltage assignment. Let the parameters
ν, ν2 and the matrices A(D), A′, Aγ be as in Theorem 5.2. Furthermore, let ρ1 = I1, ρ2, . . . , ρk
be the inequivalent irreducible representations of Γ and fi the degree of ρi for each i . Then
χ(DαB; λ) = det(λIν − A′)
k∏
i=2
det
⎛
⎝λIν2 fi − ∑
γ∈Γ
ρi (γ )
⊗
Aγ
⎞
⎠ fi .
6. Zeta functions
The zeta function ζD(u) of a digraph D is defined as ζD(u) = exp(∑∞n=1 pn(D)n un), where
pn(D) < ∞ is the number of closed walks in D of length n for each positive integer n;
see [20, Section 6.4] for more on this important concept and its counterpart in general dynamical
systems. It is known that each of pn(φD), ζ(D, u) and the nonzero spectrum of A(D) determines
the other two [20, Corollary 6.4.7]. In this section, we move on to an indication of the
consequence of our work for the calculation of the zeta functions of digraphs.
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We will need the famous Bowen–Lanford formula [3] in symbolic dynamics. Note that it was
also obtained independently by Kotani and Sunada [17], and Mizuno and Sato [23].
Theorem 6.1 ([20, Theorem 6.4.6]). Let D be a digraph with ν vertices. Then ζ(D, u)−1 =
det(I − uA(D)) = uνχ(D; 1
u
).
By Theorems 3.4 and 6.1, we immediately arrive at
Theorem 6.2. Let D be a digraph, K be a digraph with a partition V (K ) = V1 ∪ · · · ∪ Vn
and mi a positive integer for each i ∈ [n]. Furthermore, for any i ∈ [n], we put Ki = 〈Vi 〉K
and D = K α11 ∗ · · · ∗ K αnn , where αi : E(Ki ) −→ Smi is a permutation voltage assignment.
Let A(K ) take the form displayed in Eq. (3.2), νi = |V (Ki )| and Di = K αii . Suppose that
ρi1 = I1, ρi2, . . . , ρiki are all inequivalent irreducible representations of Γi and fi j is the degree
of ρi j for each j ∈ [ki ]. Assume that PΓi is equivalent to mi1 ◦ I1 ⊕mi2 ◦ρi2 ⊕· · ·⊕miki ◦ρiki .
Then we have
ζ(D, u) = det(Iν0 − uA′)−1
n∏
i=1
ζ(K αii , u)/ζ(Ki , u),
where ν0 = ν1 + · · · + νn and A′ is as specified by Eq. (3.20).
From Corollary 3.3 and Theorem 6.1, we obtain a decomposition formula for the zeta function
of a uniform cover.
Corollary 6.3. Let K be a digraph with ν vertices, m a positive integer, α : E(K ) −→ Sm a
permutation voltage assignment on E(K ) and Γ be the subgroup of Sm generated by {α(e) : e ∈
E(K )}. Let Aγ = (a(γ )uv ), where a(γ )uv = |{e ∈ E(K ) : iK (e) = u, tK (e) = v and α(e) = γ }|.
Suppose that ρ1 = I1, ρ2, . . . , ρk are all inequivalent irreducible representations of Γ with f j
the degree of ρ j , j ∈ [k], and suppose that the permutation representation PΓ with respect to
the action of Γ on [m] is equivalent to m1 ◦ I1 ⊕ m2 ◦ ρ2 ⊕ · · · ⊕ mk ◦ ρk . Then we have
ζ(K α, u)−1 = ζ(K , u)−m1
k∏
j=2
det
⎛
⎝Iν f j − u ∑
γ∈Γ
ρ j (γ )
⊗
Aγ
⎞
⎠m j .
In particular, when c(K α) = c(K ) we have
ζ(K α, u)−1 = ζ(K , u)−1
k∏
j=2
det
⎛
⎝Iν f j − u ∑
γ∈Γ
ρ j (γ )
⊗
Aγ
⎞
⎠m j .
Note that c(K α) = 1 implies that c(K α) = c(K ). Thus we deduce from Corollary 6.3 the
following result of Feng and Kim [10].
Corollary 6.4 ([10, Theorem 2]). Let K be a connected digraph with ν vertices, α : E(K ) −→
Sm a permutation voltage assignment and Γ = 〈{α(e) | e ∈ E(K )}〉. Furthermore, let
ρ1 = I1, ρ2, . . . , ρk be all inequivalent irreducible representations of Γ and fi the degree of
ρi for each i ∈ [k]. Suppose that the m-cover K α of K is connected and PΓ can be decomposed
as I1 ⊕ m2 ◦ ρ2 ⊕ · · · ⊕ mk ◦ ρk . Then
ζ(K α, u)−1 = ζ(K , u)−1
k∏
j=2
det
⎛
⎝Iν f j − u ∑
γ∈Γ
ρ j (γ )
⊗
Aγ
⎞
⎠m j ,
where Aγ = (a(γ )vw ) is given by a(γ )vw = |{e ∈ E(K ) | iK (e) = v, tK (e) = w,α(e) = γ }|.
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Finally, we mention that in terms of Theorem 6.1 and our former results on characteristic
polynomials, we can still get various decomposition formulas for the zeta functions of a ramified
regular cover, a regular cover, or a branched cover.
7. An example
We demonstrate with a concrete example the use of Theorem 3.2 in factoring the characteristic
polynomials of some graphs with special symmetry. Let K be a digraph and let V (K ) = V1 ∪ V2
be a partition of V (K ) as follows: V1 = {v1, v2, v3}; V2 = {w1, w2, w3}. Furthermore, let
K1 = 〈V1〉K , K2 = 〈V2〉K , E(K1) = {(v1, v2), (v2, v1), (v2, v3), (v3, v2), (v3, v1)}, E(K2) =
{(w1, w3), (w2, w3), (w3, w2), (w2, w1)} and E(K ) = E(K1) ∪ E(K2) ∪ {(w3, v2), (v3, w1)}.
Then we have
A(K ) =
⎡
⎢⎢⎢⎢⎢⎣
0 1 0 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
0 0 0 0 0 1
0 0 0 1 0 1
0 1 0 0 1 0
⎤
⎥⎥⎥⎥⎥⎦ .
Let α : E(K1) −→ S2 and β : E(K2) −→ S3 be the permutation voltage assignments
such that α(v1, v2) = α(v2, v1) = (12), α(v3, v1) = α(v2, v3) = α(v3, v2) = 1, and
β(w2, w1) = (12), β(w1, w3) = (23), β(w2, w3) = β(w3, w2) = 1. We now calculate the
characteristic polynomial of D = K α1 ∗ K β2 .
First, we can check that
A′ =
⎡
⎢⎢⎢⎢⎢⎣
0 1 0 0 0 0
1 0 1 0 0 0
1 1 0 3 0 0
0 0 0 0 0 1
0 0 0 1 0 1
0 2 0 0 1 0
⎤
⎥⎥⎥⎥⎥⎦ .
This then gives
det(λI6 − A′) = det
⎡
⎢⎢⎢⎢⎢⎣
λ −1 0 0 0 0
−1 λ −1 0 0 0
−1 −1 λ −3 0 0
0 0 0 λ 0 −1
0 0 0 −1 λ −1
0 −2 0 0 −1 λ
⎤
⎥⎥⎥⎥⎥⎦
= λ6 − 3λ4 − 2λ3 − 4λ2 + 3λ + 1.
Next, let Γ1 = 〈{1, (12)}〉 = S2 and Γ2 = 〈{(12), (23)}〉 = S3. Then we have the associated
permutation representations PΓ1 and PΓ2 equivalent to I1 ⊕ θ2 and I1 ⊕ ρ3, respectively, where
θ2 is the sign representation and ρ3 is given by
ρ3(1) = I2, ρ3((123)) =
[
η 0
0 η2
]
, ρ3((132)) =
[
η2 0
0 η
]
,
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ρ3((12)) =
[
0 1
1 0
]
, ρ3((23)) =
[
0 η
η2 0
]
, ρ3((13)) =
[
0 η2
η 0
]
,
where η = −1+
√−3
2 .
Now we list the matrices A1,γ1 and A2,γ2(γ1 ∈ S2, γ2 ∈ S3) as follows:
A1,1 =
⎡
⎣0 0 00 0 1
1 1 0
⎤
⎦ , A1,(12) =
⎡
⎣0 1 01 0 0
0 0 0
⎤
⎦ ,
and
A2,1 =
⎡
⎣0 0 00 0 1
0 1 0
⎤
⎦ , A2,(12) =
⎡
⎣0 0 01 0 0
0 0 0
⎤
⎦ , A2,(23) =
⎡
⎣0 0 10 0 0
0 0 0
⎤
⎦ ,
A2,(13) = A2,(123) = A2,(132) = 03.
Then by Theorem 3.2, we have
χ(K α1 ∗ K β2 ; λ) = det(λI6 − A′) det
(
λI3 −
∑
γ1∈S2
θ2(γ1)A1,γ1
)
× det
(
λI6 −
∑
γ2∈S3
ρ3(γ2)
⊗
A2,γ2
)
= (λ6 − 3λ4 − 2λ3 − 4λ2 + 3λ + 1)
× det
⎡
⎣ λ 1 01 λ −1
−1 −1 λ
⎤
⎦ det
⎡
⎢⎢⎢⎢⎢⎣
λ 0 0 0 0 −η
0 λ −1 −1 0 0
0 −1 λ 0 0 0
0 0 −η2 λ 0 0
−1 0 0 0 λ −1
0 0 0 0 −1 λ
⎤
⎥⎥⎥⎥⎥⎦
= (λ6 − 3λ4 − 2λ3 − 4λ2 + 3λ + 1)(λ3 − 2λ + 1)(λ6 − 2λ4 + λ3 + λ2 − λ + 1).
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